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A New Information Processing Measure for Adaptive
Complex Systems

Manuel A. Sánchez-Montañés and Fernando J. Corbacho

Abstract—This paper presents an implementation-independent
measure of the amount of information processing performed by
(part of) an adaptive system which depends on the goal to be
performed by the overall system. This new measure gives rise to
a theoretical framework under which several classical supervised
and unsupervised learning algorithms fall and, additionally, new
efficient learning algorithms can be derived. In the context of
neural networks, the framework of information theory strives to
design neurally inspired structures from which complex function-
ality should emerge. Yet, classical measures of information have
not taken an explicit account of some of the fundamental concepts
in brain theory and neural computation, namely that optimal
coding depends on the specific task(s) to be solved by the system
and that goal orientedness also depends on extracting relevant
information from the environment to be able to affect it in the
desired way. We present a new information processing measure
that takes into account both the extraction of relevant information
and the reduction of spurious information for the task to be solved
by the system. This measure is implementation-independent and
therefore can be used to analyze and design different adaptive
systems. Specifically, we show its application for learning percep-
trons, decision trees and linear autoencoders.

Index Terms—Adaptive systems, information theory, unsuper-
vised and supervised learning.

I. INTRODUCTION

THE main objective of this work consists in the definition of
a new general (i.e., implementation-independent) measure

of the amount of information processing performed by (part of)
an adaptive system which depends on the goal to be performed
by the overall system. As a consequence the degree of pro-
cessing cannot be completely defined if the goal of the system
is unknown.

Fig. 1 summarizes the overall process. The task to be per-
formed by the system is to achieve the goal starting from
the input . We would like to quantify the amount of infor-
mation processing the sub-system performs, given that it trans-
forms into (the output), when the goal of the overall system
is . We shall denote this amount of information processing by

. Some of the concepts presented in this paper have been
published in previous work [1].

An important aspect we would like to emphasize is that the
proposed measure must not depend on the implementation
specifics but on the global properties of the system. Therefore,
it must depend on the relations between the global states of
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Fig. 1. Global schema of the overall process. The task to be performed by the
system is to achieve g starting from x.

Fig. 2. (A, B) Two different systems with four internal processing units and
the same global properties. Each of the bits in Y corresponds to the activity of
a single processing unit. While system A only requires a single processing unit
to be active to determine G, system B uses most of the processing units to be
active. Barlow’s redundancy of system B is greater than A since the value of
any of the local processing units determines the others. However the number
of global internal states and statistical correspondence to G are in both cases
equivalent (C). Therefore, they are equivalent from a global statistical point of
view.

the system in different steps of processing and not on the local
structural properties that capture relations between states of the
system components (e.g., Barlow’s notion of redundancy, see
Fig. 2). As a consequence, it can be shown that the different
processing units can be implemented by different means
much in the same way that schemas correspond to behavioral
specifications [2], [3] and can be implemented in a variety of
ways such as neural networks, fuzzy logic, etc.

To place this work in context we should point out that clas-
sical information theory schools [4], [5] search for optimal ways
of coding information. It is not the aim of this paper to provide
a detailed comparison of the different approaches. The authors
refer the interested reader to [6] for detailed expositions on this
topic. More specifically, information theory has received wide-
spread attention in the neural computation arena [7]–[13] to cite
a few examples. In this regard, we fully agree with Atick [9] in
the use of information theory as a basis for a first principles ap-
proach to neural computation. The relevance derives, as Atick
points out, from the fact that the nervous system possesses a
multitude of subsystems that acquire, process and communi-
cate information. To bring to bear the more general problem
of information, we follow Weaver’s [14] classification at three
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different levels: 1) technical problems: how accurately can the
symbols of communication be transmitted? 2) semantic prob-
lems: how precisely do the transmitted symbols convey the de-
sired meaning? 3) effectiveness problems: how effectively does
the received meaning affect the receiver’s conduct in the desired
way?

We claim that any adaptive system (including the brain) living
in an active environment must solve these three problems. Yet,
as Weaver [14] already pointed out, classical information theory
deals mainly with the technical problem. We claim that even
today a shift of view is necessary to take into proper consider-
ation the semantic and the effectiveness levels. This paper pro-
vides a step towards dealing with the semantic and the effective-
ness problems by making optimal coding depend on the specific
task(s) to be solved by the system. In the classical approach, the
emphasis is on the maximization of information transfer. That
is, processing is passive instead of being active (i.e., elaborating
the data and approaching the goal) hence, posing a paradox for
an information processing system. Notice, in this regard, that a
perfect communication channel has maximal-mutual informa-
tion yet minimal information processing.

The information processing measure presented in this paper is
implementation independent and therefore, can be used to ana-
lyze and design different adaptive systems. Several classical su-
pervised and unsupervised learning algorithms are obtained as
the optimal solutions for special cases. Specifically, we show its
application for learning perceptrons, decision trees, and linear
autoencoders.

II. REQUIREMENTS FOR THE NEW INFORMATION PROCESSING

MEASURE

Next, we would like to impose a set of requirements that
this new measure should have in order to be regarded as a can-
didate for an active general-information processing measure.
From these requirements a specific family of measures emerges
and we shall select a specific measure for specificity reasons
and derive the properties this specific measure has. Thus, let us
now derive a specific information processing measure that
meets the following requirements.

1) It must be a measurable quantity that does not depend
on the specific system implementation, that is, it should
depend on the statistical properties of the states of the
system and not on local properties dependent on imple-
mentation details.

2) It should take into account the task(s) to be solved by
the system. The input to the system can be statistically
rich and complex, yet it may be mostly useless if it is
not related to the task (nonreversibility property). Thus,
it should take into account how much the data has to be
processed (number of transformations) in order to extract
the relevant information for the task. Therefore the infor-
mation processing measure should penalize both the loss
of relevant information and the introduction of spurious
information.

3) It must be an effective processing measure, that is,
must depend on (the input), (the output) and

(the goal) but it must not depend on the information
processing path taken to go from to , that is

(1)

for all , , , , that is

(2)

where the function defines a sort of distance func-
tion that should depend on the global statistical relation-
ships between the states of and the states of .

4) The maximum value for , when and
are fixed, must occur when and as a consequence

. So that can be chosen, without loss
of generality, such that

(3)

for all , .
Then, is null for a perfect communication channel

(in the classical sense, i.e., an exact copy of the input
message is produced) and maximal for the case of perfect
transformation to the objective alphabet (active property).

5) The maximum value for when is allowed
to vary, for all , and is

(4)

and as a consequence which
corresponds to the triangular inequality. So that taking
into account the triangular inequality and (3), it can be
concluded that is a pseudodistance function.

6) It should account for uncertainties introduced by different
means, such as: loss of meaningful information, environ-
mental noise, stochasticity of the processing elements,
and so on, while preserving the relevant part of the in-
formation.

A. Selection of the Pseudodistance Function for the
Information Processing Measure

As it was expressed before, one of the requirements for the
new information processing measure is that it must not depend
on the specific architecture in which the overall system is im-
plemented. This implies that the new measure must capture the
global statistical relations which take into account the relations
between the global states of the system in different steps of pro-
cessing and not the local structural properties which capture
relations between states of the system components. From this
point of view, the Shannon’s conditional entropy function [6]
meets the desired properties for for discrete systems.
For continuous systems the representation should be first dis-
cretized. Another possible candidate would be the Bayes error,
whereas the mean square error would not satisfy the imple-
mentation-independence requirement as it depends on the local
structural properties of the system.

So let us consider Shannon’s conditioned entropy, since it
meets the desired properties for and hence

and using (2)

(5)
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Fig. 3. State tables for three different systems (A), (B), and (C). X represents
the input space, Y represents the output to the rest of the whole system and G
represents the corresponding goal space.

so that corresponds to the difference in uncertainty before
and after the information processing is performed. When the en-
tropy is considered, (we refer the reader to the gener-
alized data processing inequality theorem in the Appendix 7.1).
Additionally, the maximum value occurs when and
it is achieved in a perfect communication channel (i.e., when

). Hence, it would be better for the system not to do any
processing which is a paradox when dealing with a measure for
information processing. The same problem occurs when Fisher
information or the Bayes error is utilized. This is due to the fact
that in the more classical approaches the amount of information
never increases when it undergoes any processing, that is, pro-
cessing is passive instead of being active (i.e., elaborating the
data and approaching the goal). In this regard, a perfect commu-
nication channel has maximal mutual information yet minimal
information processing. Hence, it can be concluded that infor-
mation processing is more than avoiding the creation of uncer-
tainty and it must also take into account the reduction of spu-
rious information. In the next section, a new information pro-
cessing measure will be presented that meets all the aforemen-
tioned requirements.

III. DEFINITION OF THE NEW INFORMATION PROCESSING

MEASURE

As previously stated, the new information processing system
must keep all the relevant information, but at the same time it
must reduce the spurious information. Hence, we define a func-
tion that also takes into account the reduction of spurious in-
formation, which can be seen as the uncertainty in given .

An example may well illustrate this point. Consider the three
systems depicted in Fig. 3. System has 0 uncertainty and 0
spurious information about the goal. On the other hand, system

has larger spurious information since there
is a spurious state at for . Contrarily, system has 0
spurious information but it has larger uncertainty since
the same state of gives rise to two different states at for

.
Thus, we present a new function

(6)

where and weights the creation of uncertainty versus the
creation of spurious information. This function meets the re-
quired properties, namely , ,

. Additionally, spurious states and loss of rele-
vant information cause to grow, so that if and only
if is a bijection of (see Appendix 7.2 for the corresponding

Fig. 4. Schema for a linear autoencoder. The goal of the system is to
communicate the input ~x with a degree of precision given by � .

proof). Hence, with as in (6) the information processing mea-
sure can be expressed as

(7)

where the first term corresponds to complexity reduction, that
is, minimization of spurious information, whereas the second
term corresponds to uncertainty creation, that is, loss of rele-
vant information. becomes larger as gets closer to re-
flecting the fact that the system processing is taking the output
of the system closer to the goal. This can be achieved by min-
imizing complexity and/or uncertainty. may take positive
and negative values whereas the term of loss of information is
always zero or positive (see Appendix 7.1 for a proof). Note
that for a perfect communication channel (see Ap-
pendix 7.3 for a proof).

IV. RESULTS

To validate the new information processing measure, several
test cases are used as a proof of concept. The first test case de-
scribes a specific instance of a linear system, namely an autoen-
coder. The second, third and fourth set of test cases are based on
learning the optimal structure of a network of nonlinear units.
The first set deals with a synthetic classification problem and
the second set deals with several classification problems from
the Proben1 benchmark archive [15]. In both cases we have
compared the solutions that optimize the new measure with re-
spect to the solutions that optimize mutual information. The
new measure proves to be clearly superior under conditions of
noise, overfitting and allocation of optimal number of resources.
The fourth test case deals with stochastic neurons and gives rise
to population coding for the Gaussian classification task intro-
duced in the second test case. And lastly the fifth test case deals
with the induction of decision trees using the new information
processing measure.

A. A Case of a Linear System: An Autoencoder

Consider the system in Fig. 4 where a layer of noisy linear
neurons responds to the stimulus as

(8)

where is the vector of the responses in the layer, is the
noise in the input (due to noisy receptors for instance) and is
the noise intrinsic to the neurons. For simplicity reasons we as-
sume both kinds of noise are zero-mean normal distributed with
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Fig. 5. Contribution of the chosen eigenvectors in the optimal configuration of the linear autoencoder. (a) b = 1=2. (b) b = 2.

covariance matrices and respectively. The goal of the
system is to communicate the input with a degree of precision
given by . The input statistics are assumed to be well repre-
sented by a multidimensional Gaussian of covariance matrix .

Now we need to discretize and in order to evaluate our
processing measure. In general, the entropy of the discretization
of a continuous variable can be expressed as

, where is the level of discretization in , for
sufficiently small [6]. Note that the term is math-
ematically equivalent to the entropy of a Gaussian noise with
variance equal to . In our system, the noise pro-
vides a natural discretization of and on the other hand
provides a natural discretization to . Then, following an ap-
proximation introduced in [16],
and . Moreover, from a mathematical
point of view where is a Gaussian
noise of variance equal to and is the discretiza-
tion bin in . Thus, the system is characterized by the entropies

,

,
and .

Using the property [6]
in (7), and after simplifications, the in our system can be
expressed as

(9)

where , ,
and

.
The second term in the summation 9 is the one which de-

termines the maximization of since the other one does not
depend on . It can be easily proven that if is a rotation in the
space of neurons, then the solution has exactly the
same than . Thus, there does not exist a unique optimal
configuration but a family of optimal solutions.

In the Appendix 7.4 we derive the optimal family of solutions,
which can be summarized as follows:

• Let us define and , where
are the eigenvalues of . Take the eigenvectors of which
satisfy

(10)

In case no eigenvalues satisfy this inequality, take .
If the number of neurons is less than the number of eigen-
vectors satisfying the requirement, take the eigenvectors
with greatest eigenvalues

• Assign only one neuron to one of the selected eigenvectors
making its receptive field proportional to the eigenvector
using gain

(11)

Any optimal solution is then a rotation in the space of neurons
of this basic solution.

Similar results are obtained when maximizing the mutual in-
formation between and and imposing additional constraints
to the system such as the ones introduced in [17]. Note that we
need to impose no constraint at all in order to obtain the results
reported in this section.

In Fig. 5, we show the optimal configuration when has 10
components with the set homogeneously distributed between
2 and 8, and . If the required discretization is chosen to
be smaller than the discretization induced by the input noise
in , then the system performance is
negative (Fig. 5 left). Although all the eigenvectors are chosen
and contribute to make larger the system cannot communi-
cate the input with the desired precision. On the contrary, when

the of the optimal system is positive, and only in-
cludes seven eigenvectors [Fig. 5(b)].

The optimal configuration is thus equivalent to principal com-
ponent analysis (PCA) [18] where the number of eigenvectors is
determined by the input and noise statistics as well as by the de-
sired precision. Moreover, PCA can be seen as a special case of
independent component analysis (ICA) [19], [20] where the sta-
tistics of the input sources are Gaussian. Therefore, we expect
to obtain similar results to ICA when applying the new infor-
mation processing measure to the non-Gaussian statistics case.
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Fig. 6. Comparison of the solutions that optimize the new measure with
respect to the solutions that optimize mutual information for the perceptron
case. (a) Results when using ten processing elements as the maximum number
of resources with the new information processing measure. Notice that the new
measure needs to use only two out of the ten maximum number. (b) Similarly
for mutual information. Notice that mutual information uses the ten classifiers.

B. Perceptron Learning

1) Perceptron for a Simple Classification Task: Here we in-
vestigate learning the optimal structure of a network of non-
linear units in a simple classification task. The dataset Gaus-
sians consists of three equiprobable clusters of data elements
belonging to two different classes. There are three mutually
exclusive processes which generate vectors ( , ) following
Gaussian overlapping distributions (see Fig. 6).

Two of the processes are considered of class “grey” while one
of them is considered of class “black”. The goal of the global
system is thus, to predict, given a new example ( , ), to
which of the two classes it belongs to.

We consider that in our global system the first processing step
is a layer of nonlinear neurons. The output of the th classifier

is 1 in case , 0 otherwise, where is the
input pattern. The binary vector composed by all the classifiers
outputs determines the achievable accuracy of the rest of the
system as well as the amount of processing it has to do.

The adaptive system must find the configuration that max-
imizes . The optimal classifiers configurations have been
generated by searching the parameter space by means of a ge-
netic algorithm [21] due to its global search properties. The
parameter is 4, the number of examples used in the optimization
is 10 000. We have performed several computer experiments
with different random seeds and initial conditions leading to the
same results.

We have compared the solutions that optimize the new mea-
sure with respect to the solutions that optimize mutual infor-
mation. For the case of the new measure, processing is equal
to the reduction of spurious information minus loss of the rel-
evant information. Yet, mutual information only takes into ac-
count uncertainty minimization ignoring the reduction of com-
plexity. Fig. 6(a) displays the configuration selected when using
a pool of ten nonlinear units. Note that the optimal configura-
tion only uses two of them since the output of the rest is kept
constant. However, if mutual information is chosen as
the objective function to maximize, a configuration where all
the resources are used is obtained [Fig. 6(b)]. This is due to
the fact that mutual information only takes into account uncer-
tainty minimization ignoring extraction of spurious information
for this simple task.

Fig. 7. Results when using ten stochastic processing elements as the
maximum number of resources with the new information processing measure.
(a) Level of noise = 2%. (b) level of noise = 20%.

TABLE I
TEST ERRORS FOR THE DIFFERENT DATABASES. C IS THE NUMBER OF

USED CLASSIFIERS OUT OF THE MAXIMUM ALLOWED (15 FOR THE

HEART1 DATABASE, 10 FOR THE OTHERS)

2) Stochastic Neurons and Population Coding: In this sec-
tion we study how intrinsic noise in the processing elements af-
fects the optimal system. Thus, we consider the same classifi-
cation problem as in the previous section but now the neurons
are stochastic. The output of each neuron is computed as pre-
viously, but then each neuron switches its output with certain
probability. The optimal system is again calculated using a ge-
netic algorithm. Notice that for a level of noise of 2% the system
uses more than two classifiers [Fig. 7(a)]. Also notice that the
new measure begins to use more resources to account for the
noise in the input data. When the noise is increased up to 20%
we see that the optimal system uses ten classifiers [Fig. 7(b)].

Thus, we observe that the maximization of adjusts the
number of resources used to the level of inherent noise in the
processing elements. This is related to population coding as de-
scribed by [22].

3) Perceptron for Proben1 Tasks: In this section, we will
use the cancer1, cancer2, and heart1 databases taken from the
Proben1 archive [15] to validate the derived perceptron learning
algorithm for deterministic neurons.

The parameter has been tuned using a separate validation
set. In all cases we have compared the solutions that optimize the
new measure with respect to the solutions that optimize mutual
information and the best result reported by [15]. Table I displays
the results obtained and includes as the number of resources
utilized by each system.
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Fig. 8. Overfitting with a classical inductive decision tree. (a) Results of applying ID3 to the Gaussians database without pruning. (b) Zoom in of (a). (c) Result
of applying the new measure to the induction of the tree.

C. Construction of Decision Trees

In this section, we apply the new information processing mea-
sure to the induction of decision trees. The output of a deci-
sion tree for an input pattern is the terminal node that classi-
fies that pattern [23]. We would like to be
maximized for the induced tree. Since

, the maximization of this quantity is equiva-
lent to the minimization of since the input statistics are
constant in this context. It follows that can be written
as (see Appendix 7.5 for the details)

(12)
where is the distance to the goal from the tree
without the subtree and and are the
entropy and mutual information computed using the local
statistics in N.

Therefore, it is natural to define a greedy construction algo-
rithm that starts with a root node, choosing the expansion
that maximizes , and then use it recur-
sively in the children subtrees. Note that, if this quantity is neg-
ative, it will contribute to make (12) greater. Therefore, if we
reach a node where all possible expansions make

negative we stop expanding that branch. As it can be
seen, the new measure provides a method for constructing deci-
sion trees as well as a natural stopping criteria to avoid overfit-
ting. This is in contrast with many other algorithms which use a
local information gain measure such as

(13)

in order to evaluate the goodness of an expansion in node
(such as ID3 [24]). Since the information gain (13) is always

0, it achieves the value zero when the number of examples in
the node to expand is one or all the examples at the node have
the very same class [24]. Therefore, a recursive application of
the gain information criteria would make the tree expand since
all the examples at a terminal node have the same class. This
produces very complex trees in general that need to be post-
pruned [23]. Additionally, this procedure has difficulties with
attributes with many possible values [24]. For this reason in the
literature the gain ratio is defined [24] as

(14)

to overcome this problem, but still it has the problem of being
always a positive quantity.

On the other hand, the greedy maximization of the new
proposed measure for the induction of decision trees can
be seen as a technique which combines the good features
from the information gain, the gain ratio and early stopping.
Fig. 8(a) displays the results of applying ID3 to the Gaussians
database without pruning. Fig. 8(b) corresponds to the zoom
in of Fig. 8(a). Fig. 8(c) shows the result of applying the new
measure to the induction of the tree. As it can be observed no
pruning is needed.

V. DISCUSSION

Many of the classical information based techniques are im-
plementation-dependent, whereas the measure of information
processing proposed in this paper is based on the global statis-
tical properties of the system independent of any particular im-
plementation. In this regard, the notion of spurious information
exposed in this paper is different from the notion of redundancy
exposed by Barlow [7], [9], [25] (see Section I). Barlow’s re-
dundancy depends on the system implementation, (redundancy
between the elements of processing), whereas our notion of spu-
rious information is based on the global activity of the system
and depends on the statistical relations between the global states
of the system.

In this regard, the process performed by the replication of one
deterministic neuron many times is equivalent to the process
done by one of such neurons. Therefore, our concept of spurious
information is not a matter of independence between processing
elements, but of unnecessary information in the global activity
of the system with respect to the goal. Therefore, population
codings can be studied within this framework since the measure
does not explicitly punish this kind of coding; moreover, it con-
siders they are appropriate in order to deal with noise (cf. von
Neuman’s redundancy scheme [26]). Next we will describe the
information bottleneck (IB) method [27] since it shares some
similarities with the work exposed in this paper.

A. Comparison With the Information Bottleneck Method

The IB method [27] has some commonalities with the frame-
work presented in this paper since it also allows for the construc-
tion of learning systems by searching for an optimal internal rep-
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Fig. 9. The systems (A) and (B) are equivalent for the IB functional. In B the
state � has been split in two states � and � which are randomly activated.
Therefore, the IB method does not determine the number of internal states.
However, our processing measure penalizes the introduction of this spurious
information: since H(Y jG) < H(Y jG) and H(GjY ) = H(GjY )
then �P > �P .

resentation. The IB method is derived from an interpretation of
rate distortion theory [6]. Following the notation in this paper,
the IB method attempts to minimize the functional

(15)

with a constant. Using the property
[6] the previous equation can be

rewritten as

(16)

On the other hand, with the new information processing mea-
sure proposed in this paper the following expression must be
minimized

(17)

where we have used again the property
. Note the last term does not take part in the

optimization since it is constant for a given problem. The main
difference between our approach and IB is that plays
a role in (being negligible only when ). That is, in
IB the introduction of noise is not penalized but quite on the
contrary. However, in the framework proposed in this paper the
introduction of noise is always penalized due to the introduc-
tion of spurious states. In order to illustrate this point, let us
consider a system with internal states . If one of such states,
e.g., , is split into and randomly (therefore

and ) then
it is straightforward to show that and

where are the internal states after the
splitting. As a consequence, the IB functional is the same in both
situations (Fig. 9). However, our measure penalizes the intro-
duction of spurious states and therefore the system in Fig. 9(a)
has always greater than the one in Fig. 9(b).

Another consequence of the term in the IB func-
tional is its preference in some situations to solutions intrin-
sically noisy. These solutions, apart from introducing spurious
noisy information in the representation, produce a loss of rele-
vant information [Fig. 10(a) and (b)]. However, penalizes
both the spurious information and the loss of relevant informa-
tion, having a preference for deterministic solutions [Fig. 10(c)
and (d)].

VI. CONCLUSION

This paper presents a new information processing measure
that allows the optimal construction of adaptive complex sys-

Fig. 10. (A) A problem where the goal g is not completely determined by
the input x. (B) Solution which optimizes the IB functional when the number
of internal states is constrained to be two and � = 3. The optimal internal
representation is stochastic, giving rise to the creation of spurious information
(H(Y jG) > H(XjG)) and the increment of uncertainty about the goal
(H(GjY ) > H(GjX)). Therefore �P < 0. (C) and (D) Solutions which
maximize �P . The number of internal states is automatically determined by
the maximization of �P as two. When � � 2:6 the optimal solution is a
perfect communication channel of x (figure c) whereas if � < 2:6 the optimal
solution is a system with a constant internal state (D). Note that in both cases
the optimal representation is deterministic.

tems. We have presented a general framework under which we
have shown that several classical supervised and unsupervised
algorithms fall and new efficient algorithms are developed. In
particular we have shown how PCA is a special case of the linear
autoencoder under the proposed framework. We would also ex-
pect to obtain ICA when the Gaussianity restriction is not im-
posed. The framework proposed also works for nonlinear sys-
tems. In this regard we have shown several examples based on
networks of nonlinear neurons and we are currently elaborating
more cases.

While many of the information theoretic frameworks are
more closely related to unsupervised learning, the proposed
framework is able to naturally cope with supervised learning
problems as well, since the dependency of the optimal coding
on the goal to be obtained is central to the whole theory. For all
the adaptive systems presented in this paper the new measure
has naturally given rise to the optimal use of resources hence
leading to the avoidance of the overfitting problems that occur
in many adaptive systems, e.g., perceptrons and inductive
decision trees.

To prove that the proposed framework is independent of
the language of representation we have also applied the new
information processing measure to the induction of decision
trees. As a result the obtained decision trees have shown good
classification performance while automatically avoiding the
use of an excessive number of nodes without the need for
post-pruning. Future work includes validation of the general
framework using other representation languages such as
recurrent neural networks and hidden Markov models. This
work can also be extended to the problem of building reliable
systems with unreliable components (cf. [28], [29]) since it
naturally allows for population coding as mentioned in the
discussion section.

APPENDIX

A. Generalized Data Processing Inequality

Let us consider the Markov chain in Fig. 11. and are (pos-
sibly) stochastic functions of , and is a (possibly) stochastic
function of . That is, and are conditionally independent
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Fig. 11. Flow of information in a closed system. The second processing step
is statistically independent of g given y .

given . The joint probability function of , and can be
then described as

(18)

Then it is easy to prove that [6]. On the other
hand, can be described in two equivalent manners
[6]

(19)
where, using the fact that and it
follows:

(20)

that is, no any processing can increase the information of a
closed system about the objective. In particular, if we choose

(21)

Finally, since [6] this expression is
equivalent to

(22)

B. Properties of the Measure of Distance Between Two
Random Variables

Given the definition of distance measure between and the
desired goal for discrete variables

(23)

It is semidefinite positive.
The discrete entropies are always positive or 0 [6]. For contin-

uous entropies, once they are discretized, they are always posi-
tive. Since , this makes .

It is reflexive.
This is immediate since [6].
It satisfies the triangular inequality
First we will prove that

(24)

for any random variables , and . Using the equalities [6]

(25)

where we get
. Because and

[6] we prove (24). If we use this in (23) together with
the fact that

(26)

The system is optimal if and only if the
output of the system is the objective or a relabeling of it.

We say that the output of the system is a relabeling of the
objective when there is a one-to-one mapping between all the
elements with nonzero probability in and all elements with
nonzero probability in . For to be 0 it is needed to
satisfy simultaneously and . Let
us first consider . Using its definition we have

. Because
, all the terms in the summatory are greater or equal to

zero. Therefore, is only possible if or
1 for every which . Thus, each symbol with nonzero
probability in is associated with only one element in . This,
together with analog considerations for the case ,
we show that implies that there is a one to one
correspondence between the nonzero probability symbols in A
and the nonzero probability symbols in G.

On the other hand, if there is a bijection between and ,
for any symbol in with nonzero probability can
only be 0 or 1, since in other case there would be more symbols
in corresponding to . The same can be argued for ,
which all together imply .

C. for a Perfect Communication Channel

A communication channel where the transmitter sends the
signal and the receiver takes is called “perfect” if the
transmission occurs without any loss, that is, is max-
imum given the statistic distribution . Because

and the entropies are pos-
itive, a perfect communication channel satisfies
and [6].

In our formalism, the “goal” in this case is to recover the orig-
inal signal , so . Using this fact in (7) and using the
fact that , in a perfect communica-
tion channel, and in general, we get

D. Maximization of for the Linear Autoencoder

It is straightforward to show that if is a rotation matrix of
components (rotation in the space of neurons), then the

change keeps (9) unaltered. Therefore there is
not a unique maximum but a family of optimal configurations.
On the other hand, it can be easily proven that if the absolute
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value of any component of tends to then the functional
(9) goes to . Thus, the global maximum of the functional
occurs in a fixed point where the gradient of the function is null

(27)

Let us consider as one of such fixed points. Since
is a symmetric matrix, there exists a rotation such that

is diagonal. That is, the point makes
diagonal. It is straightforward to show that also

satisfies (27), being another fixed point of . If now we
consider this equation evaluated in and right multiply by ,
we get after rearranging terms

(28)

Since is diagonal, , and is definite–pos-
itive, then from this expression we get that must
also be diagonal. Then (27) evaluated in is equivalent to

where is the row of and
. That is, the rows of the

fixed point are either eigenvectors of or null vectors.

Note that since is diagonal, then for any pair
. Therefore, the set of non null rows of forms an orthog-

onal set of vectors. This eliminates the possibility of repeated
eigenvectors in the rows.

Since both and are diagonal, the contribution of
to the functional (second term in (9)) can be easily rewritten

as

(29)

where is the squared norm of row . In case row is an eigen-
vector of , is defined as its eigenvalue. In other case row
is a null vector and then is defined as 0. Notice that the func-
tional is invariant to a global change in the sign of a row and
to permutations between rows. Up to now we have proved that
any fixed point of is a rotation of a “diagonal” solution
whose rows are formed by either null vectors or different eigen-
vectors of . Since the global optimal family is composed by
fixed points, then the diagonal solution which maximizes (29)
will belong to the family. This family is then composed by any
rotation of this diagonal solution.

Now we will determine which eigenvectors of form part of
this solution and what is their norm. Note that since ,
the contribution of the null rows of to the functional (29) is
null. Suppose that is an eigenvector of with eigenvalue ,
and squared norm (therefore ). If it were included in the
optimal configuration, it would contribute to the functional with

(30)

and the squared norm should maximize this contribution. It
is straightforward to calculate the optimal , obtaining two dif-
ferent cases:

1) : the optimal value for is 0 and
therefore is null. Thus, this eigenvector cannot exist in
the optimal solution.

2) : in case this eigenvector exists in the
optimal configuration, it has squared norm equal to

and its contribution to the functional is greater
than zero.

It is straightforward to show that the eigenvectors of and
are the same, and the eigenvalues of are

(31)

where , , and are the eigenvalues
of . This together with leads us to express the optimal

as:

1) : the optimal value
for is 0 and therefore is null. Thus, this eigenvector
cannot exist in the optimal solution.

2) : in case this eigen-
vector exists in the optimal configuration, it has squared
norm equal to
and its contribution to the functional is greater than zero.

Considering the change of variables described previously
, the square norm of the

corresponding row in will be
. Let us introduce as the number

of eigenvectors which satisfy the condition 2. In case
(number of total neurons) the optimal diagonal configuration
will include all of them, the other neurons being null. In case

only the eigenvectors with greatest contribution
to will be part of the optimal diagonal configuration.
Now we will show that these are the eigenvectors with highest
eigenvalue .

Let us consider two eigenvectors of , and , with eigen-
values and respectively. Let us assume that they satisfy

, (they are candidates to be in
the optimal configuration), and . Since the optimal con-
tribution of a candidate eigenvector occurs at ,
using (30) we can calculate its contribution to as

(32)

Note that all the terms are well defined since
implies . Finally, let us calculate the derivative of the

eigenvector contribution with respect to

(33)
which, if , is always positive. Therefore, if

, the contribution of to is greater than that of . As a
conclusion, in case then the optimal diagonal solution
is formed by those eigenvectors of with greatest eigenvalues.

E. Construction of Decision Trees

The output of a tree for a pattern is the terminal node that
classifies it. Then . Consider
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Fig. 12. General schema of a decision subtree. Decision nodes are drawn
as circles whereas classification nodes are squares. Each terminal node
corresponds to a different state of the system. We call y to the node
resulting of replacing J by a single terminal node.

the tree in Fig. 12(a) where the subtree is a child of the root
node, and are the rest of the children of the root. Because a
choice can be broken down into several successive choices, the
global entropy is the weighted sum of the individual values of H

(34)

where and are the entropies calculated with
the local statistics respectively, and is the entropy
of the tree replacing and by leaf nodes (therefore

). Note
that is just the entropy of the same tree
replacing by a single terminal node (Fig. 12).

Thus , where is the
probability of a pattern to reach . Analogously,

. Then can be written as

(35)
where is the distance of the tree without the subtree

, and and are computed using the local sta-
tistics in .
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