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Using an information-theoretic framework, we examine how an intelligent agert, given an accurate

model of its environment, synchronizesto the environment|i.e.,

comesto know in which state the

environment is. We show that the total uncertainty experienced by the agert during the process
is closely related to the transient information, a new quantity that captures the manner in which
the environment's entropy growth curve convergesto its asymptotic form. We also discuss how
an agert's estimates of its environment's structural properties are related to its estimate of the
environment entropy rate. If structural properties are ignored, the missedregularities are converted
to apparent randomness. Conversely, using represertations that assumetoo much memory results

in false predictabilit y.
PACS: 02.50.Ey 05.45.-a05.45.Tp 89.75.Kd

I. INTR ODUCTION: AGENTS AND
ENVIR ONMENTS

The question of how an intelligent agert learns about
its ervironment arisesin one fashion or another in many
disciplines|suc h as, economics[1,2], sccial psycology
[3,4], collective cognition [5,6], distributed computing
[7,8], automata theory [9], and reinforcemert learning
[10]. For our purposeshere, intelligent agent simply
refers to an obsener that actively builds internal mod-
elsof its environment using available sensorystimuli and
takes action based on these models. This terminology
follows the basic framework laid out in the eld of re-
inforcemert learning [10]. Here, however, we use an
information-theoretic approach to examinehow an agert
learns about its ernvironment. In so doing, we consider
two scenarios|learning about randomnessand structure
in the ervironment and syndironizing to the environ-
ment's hidden states.
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FIG. 1. The Learning Channel: The internal states

fA;B;Cg of the system are re ected, only indirectly, in the
observed measuremern of 1sand 0s. An agert works with this
imp overished data to build a model of the underlying system.
After Ref. [11].
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A. The Learning Channel

The rst of thesescenarios,an adaptation of Shannon's
communication channel [12], is illustrated in Fig. 1. We
assumethat there is an environment (source or process)
that producesa sensorydata stream (message)|a string
of symbolsdrawn from a nite alphabet (A). The task for
the agent (receiver or obsener) is to estimate the prob-
ability distribution of sequencesand, thereby, estimate
how random the ervironment is. In this scenario,we as-
sume that the agert does not know the ernvironment's
structure or internal dynamics; the range of the environ-
ment's states and their transition structure are hidden
from the agert. Since the agert does not have direct
accessto the ervironment's internal, hidden states, we
picture instead that the agent simply collects blocks of
measuremeis from the data stream and storesthe block
probabilities in a histogram. This histogram functions
for the agert as an internal model of the environment.
In this scheme, the agert can estimate, to arbitrary ac-
curacy, the probability of measuremen sequencesdy ob-
serving for arbitrary lengths of time.

In the particular caseillustrated in Fig. 1, the en-
vironment is a three-state deterministic nite automa-
ton. Howewer, the agert doesnot seethe internal states
fA;B;Cg. Instead, it has accessonly to the measure-
ment symbols A = f0; 1g generated on state-to-state
transitions by the hidden automaton. The environment
depicted in Fig. 1 belongsto the classof stochastic pro-
cesseknown as hidden Markov models The transitions
from internal state to internal state are Markovian, in
that the probability of a given transition depends only
upon which state the processis currently in. However,



theseinternal statesare not seenby the agert|hence the
name hidden Markov model [13,14]is often usedto de-
scribe this type of ervironment. (In general,however, we
do not require that the environment be hidden Marko-
vian.)

B. Sync hronization

In the secondscenariowe assumethat the agert al-
ready has a correct, nite model of the ervironment in
hand before encourtering the ernvironment and making
measuremets. The issue,then, is how dicult isit for
the agert, usingsequence®sf environmental obsenations,
to determine in which hidden state the environment is.
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FIG. 2. Synchronizing to the Environment: The agert has
an accurate (5-state) model of the environment. In (a), the
agert has yet to make an obsenation and so can assumein
this casethat all environmental states are equally likely. This
is denoted by the fractions inscribed in the agert's model
states. In (b), one obsenation has been made, a 0, and the
agen adjusts its guessof the state probabilities accordingly.
Having seena 0, the environment can only be in one of two
hidden states. In (c), su cien t measuremer information has
been gathered so that the agert is synchronized. Having ob-
sened the sequence0l, the agert is certain in which state
(D) the environment is.

An example of this scenariois illustrated in Fig. 2.
Imagine that you have planned a vacation to a remote,
desertedisland where the weather is always three days
of sun followed by two days of rain. (Sunny days are en-
codedin the gure by a 1; rainy daysby a0.) Thus, you,
the intelligent agert, have an accurate model of the envi-
ronment. Having not yet arrived on the island, the least

biasedinferenceis that eat day in the weather pattern is
equally likely and that the chanceof rain on your arrival
is 40%. (SeeFig. 2(a).) If, after landing on the island,
you obsene that it is raining, you realize that only two
days out of the v e-day cycleare compatible with that in-
formation and soinfer a newdistribution of the lik elihood
of the environment being in only two states. Your esti-
mate now is that tomorrow there is a 50% chanceof rain.
(SeeFig. 2(b).) The next day, asit turns out, no matter
whether it is sunny or rainy, you will be certain in which
state the ervironment is. (SeeFig. 2(c) for the inference
that follows from the day being sunny.) We call this con-
dition of model-state certainty being synchronized, which
will be de ned more carefully belon. One benet of be-
ing syndhronized is that, unlike the previous days, from
today forward, you can accurately (and exactly) predict
the weather.

In this and related scenarios, seweral questions nat-
urally arise about the relationship between the agert
and its ervironment. For one, we might be interested
in knowing how many obsenations, on average,must be
made before the agert is synchronized. We might also
wonder how uncertain the ervironment appearsto the
agert while it is synchronizing to it. This issueis of rele-
vance,for example,if the agert is compelledto act before
syndhronization; perhapsit must make decisions|what
to wear, what vacation activities to planjev en though
it is not fully synchronized. We analyze this kind of un-
certainty in Sec.IV.

Questions concerning syndronization have also re-
ceived considerable attention in other domains. For
example, Refs. [15{18] look at schemesthat allow an
agert to quickly determine the phase of a long peri-
odic sequence. Such schemesare certral to a range of
communications and engineeringapplications. More re-
certly, LeBaron suggestedthat, in the context of an
autonomous-agem stock market, understanding the man-
ner in which the agerts syndronize to their background
ervironment is essetial to understanding market dynam-
ics [19].

Il. INFERRING RANDOMNESS

We will revisit the two scenariosbelown. Before doing
so, however, we review se\eral information theoretic mea-
suresof unpredictabilit y, structure, and synchronization.

Let Pr(s‘) denote the probability distribution over

ment obsenations, s; 2 A. Then the total Shannonen-
tropy of these L consecutive measuremets is de ned to
be:

H(L) Pr(st)log, Pr(s-) ; (1)
st2A L

whereL > 0. The sum runs over all possible blocks of
L consecutive symbols. The units of H(L) are bits. The



ertropy H (L) measuresthe uncertainty assaiated with
sequence®f length L. For a more detailed discussionof
the Shannon entropy and related information theoretic
guarntities, see,e.g., Ref. [20].
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FIG. 3. Total Shannonentropy growth for a nite-memory
information source: a schematic plot of H (L) versusL. H(L)
increasesmonotonically and asymptotes to the line E+ h L,
where E is the excessentropy and h is the source entropy
rate. The shaded area is the transient information T. After
Ref. [21].

The environment entropy rate h  is the rate of increase
with respect to L of the total Shannon erntropy in the
large-L limit:

. H(L)

h Llillm L @

The units of h are bits/symbol, and denotesthe mea-

sure over innite sequencesthat induces the L-block

joint distribution Pr(s‘). Alternativ ely, one can de ne
a nite- L approximation to h ,

h (L) = H(L) H(L 1); ®)

H[SLjSL 1SL 2:::So]; (4)

where H[X Y] is the entropy of the random variable X
conditioned on the random variable Y :

HIXjY] = Pr(x; y) log, Pr(xjy) : ©)
Xy

One canthen show [20]that h = lim_;;  h (L).

Thus, the entropy rate h is the uncertainty of a sin-
gle measuremen, giventhat statistics overin nitely long
blocks of measuremetts have been taken into accourt.
In this sensethe entropy rate quanti es the irreducible
randomnessin the sequence®bsened by the agert|the
randomnessthat persists even after the agert accourts
for statistics over longer and longer blocks of obsena-
tions.

I1l. INFERRING MEMOR Y

Having looked at length-L sequencesan agert can es-
timate the true environment randomnessh by calculat-
ing h (L), de ned in Eq. (3). With enoughsensorydata
it can get good approximations to h by using long se-
guences.But what if the agert hasinsu cien t resources
to allow this? To answer this we must determine how the
estimatesh (L) corvergeto h . One measureof conver-
genceis provided by the exessentropy E:

x
E [h (L)
L=1

hi: (6)

The units of E are bits. The excesserntropy is not a
new quartit y; it was rst introducedalmost two decades
ago and sometimesgoes by the names\stored informa-
tion," \predictiv e information,” and \e ectiv e measure
complexity" [22{26]. For recert reviews see[21,27,26].

The excesserntropy E can also be given a direct ge-
ometric interpretation. As is well known|see, e.g.,
Refs. [23,24,26,28],the excessentropy is the subexten-
sive part of H(L): that is,

E-= LIlilrn [H(L) hL]: (7)
When the limit exists, this implies the following asymp-
totic form for entropy growth:

H(L) E+hL;asL! 1 : (8)

Thus, we seethat E is the L = 0 intercept of the lin-
ear function Eq. (8) to which H (L) asymptotes. This
obsenation is showvn graphically in Fig. 3.

Fig. 3 illustrates the relationships betweenthe growth
of the total entropy H(L), its rate of growth h , and
excesserntropy E. It is clear geometrically from the g-
ure that E is one quartity that measuresthe conver-
genceof h (L) and so it plays a role in how an agert
comesto know how random its environment is. But what
property doesE quantify? The length-L approximation
h (L) overestimatesthe entropy rate h at nite L by an
amourt h (L) h . This di erence measureshow much
more random singlemeasuremets appearusingthe nite
L -block statistics than the statistics of in nite sequences.
In other words, this excesgandomnesstells us how much
additional information must be gainedfrom the environ-
mernt in order to revealthe actual per-symbol uncertainty
h . Thus, we can think of the dierence h (L) h as
the redundancy per symbol in length-L sequencesthat
portion of information-carrying capacity in the L-blocks
which is not actually random, but is dueinstead to corre-
lations. The excessertropy E, then, is the total amount
of this redundancy and, as sud, a measureof one type
of memory intrinsic to an environment.

Another way to understand excessertropy is through
its expressionas a type of mutual information. One can
show [23,24]that the excessentropy is the mutual infor-
mation betweenthe past and the future:



E= L'E{n I[soS1  Sau 1;SauSaL+1 St 1] )
whenthe limit exists. The mutual information [20]is the
reduction in the entropy of onevariable dueto knowledge
of another; I[X;Y] H[X] HI[XjY]. The variable Y
carries information about X to the extent to which, on
average, knowledge of Y reducesthe uncertainty about
X.

Eq. (9) saysthat E measureghe extent to which obser-
vations of the past provide information about the future
ernvironment behavior. This information can be usedto
predict the environment's future behavior, but typically
more than E bits of information are required for optimal
prediction. For a discussionof the subtleties assaiated
with interpreting E and also the limitations of using E,
seeRef. [27]. Due to theselimitations, we interpret E as
the amount of apparent memory of the environment and
do not usethe descriptive phrasesquoted above.

Eqg. (9) also shaows that E can be interpreted as the
cost of amnesia If an agert suddenly losestrack of its
ervironment, sothat it cannot be predicted at an error
level determined by the erntropy rate h , then the ervi-
ronment suddenly appears more random by a total of E
bits.

IV. MEASURING SYNCHR ONIZA TION

A. Transien t Information

With this review of measuringrandomnessand the en-
vironment's apparert memaory, we are now in a position
to addressthe questionsraisedin Sec.l B: If anagen has
a correct model of the environment in hand, how uncer-
tain is it while it makesits initial obsenations and syn-
chronizesto the environment? We beginby rst de ning
syndhronization more precisely

For nite-memory (E < 1 ) environments, H (L) scales
askE + h L for large L, Eq. (8). When this scalingform
is attained, we say that the agert is synchonized to the
ervironment. In other words, when

T(L) E+hlL

H(L) = 0; (20)

we sa the agert is synchronized at length-L sequences.

The quantity T (L) provides a measureof the agert's de-
parture from synchronization. Note that T(L) O.
We now de ne the the transient information T:

X
T T(L) =
L=0 L=0

[E+hL HL]: (1)

Note that the units of T are bits symtwls. In contrast
with E, the transient information is a new quantity, re-
certly introducedby usin Ref. [21].

The ervironment's transient information, beinga sum
of the agert's nite- L departures from synchronization,

captureshow di cult it is for an agert to synchronize to
that ervironment. We referto T astransient sincedur-
ing syndhronization the agert's prediction probabilities
change, stabilizing only after it has collected a su cien t
number of obsenations.

B. Synchronizing to Mark ovian Environmen ts

To ground our interpretation, we can establish a di-
rect relation between the transient information T and
the amount of information required for synchronization
to order-R Markovian ervironments. An ervironment is
order-R Markovian if its states are directly obsenable
and the probability of the next state dependsonly upon
the values of the previous R states. The environment
depicted in Fig. 1 is not Markovian, sincethe states are
not directly obsenable. In the context of dynamical sys-
tems, a restriction to Markov processesnight seemquite
limiting. Howewer, in the eld of reinforcemen learning,
such restrictions are fairly common [10]; as they are in
statistical mecanics[29].

Assume that the agert has a correct model M =
fV ; Tg of the ervironment, whereV is a set of statesand
T is the rule governing transitions between states. The
task for the agert is to make obsenations and determine
the state v 2 V of the ervironment. This is exactly the
processdepicted in Figs. 2(a)-(c). Oncethe agert knows
with certainty the current state, it is synchmonized to the
ervironment, and the averageper-synmbol uncertainty is
exactly h .

The agert's knowledge of V is given by a distribution
over the statesv 2 V. Let Pr(vjs-;M ) denotethe distri-
bution over V, giventhat the particular sequences- has
beenobsened and the agert hasinternal model M . The
ertropy of this distribution measuresthe agert's average
uncertainty in inferring v 2 V. Averaging this uncer-
tainty over the possible length-L sequenceswe obtain
the average agent-envionment uncertainty :

H)&L)
Pr(st)
st v2v

Pr(vjs-;M )log, Pr(vjs=;M): (12)

The quantity H(L) canbe usedasa criterion for synchro-
nization. The ager is synchronized to the environment
when H(L) = OJthat is, when the agert is completely
certain about the state v 2 V of the medanism gener-
ating the sequence. When the condition in Eq. (10) is
met, H(L) = 0, and the uncertainty assaiated with the
prediction of the next state is exactly h .

However, while the agert is still unsyndronized,
H(L) > 0. We refer to the total average uncertainty
experiencedby an agert during the synchronization pro-
cessas the synchonization information S:

R
S H(L):
L=0

(13)



The syndironization information measures the total
agert-environment uncertainty H(L) experiencedby an
agert during syndironization. If the agert isin a position
where it must take immediate action, it does not have
the option of waiting for syndironization. In this cir-
cumstance, the syndhronization information S provides
an information-theoretic (average-case)measure of the
error incurred by the agent during the syndcironization
process.

C. Sync hronization and Transien t Informations

For an order-R Markovian environment, one can es-
tablish a direct relationship betweenthe syndironization
information S and the transient information T:

S=T+ %R(R + 1)h 14)
A detailed proof of this result wasgivenby usin Ref. [21].
Here, we sketch the key piecesin the argumert.

First, note that for L R, H(L) = E+ h L, and
thus T(L) = Oand H(L) = O, for all L R. Second,
obsenethat H(L) = H(R) H(L) for L < R. This re-
sult follows by recalling that, sincethe processis order-R
Markovian, the states of the agert's model are in a one-
to-one correspondencewith the directly obsenable states
of the Markov process.At L = 0, no measuremets have
been made, and the agert's uncertainty over its states
is exactly H (R), the entropy of an R-block. At L > 0,
the obsener has gained H (L) bits of information about
the current state, and sothe agen's state-uncertainty is
reduced from H(R) to H(R) H(L). Once one estab-
lishesthat H(L) = H(R) H(L), Eq. (14) follows from
relatively simple manipulations of nite sums.

Before moving on, there are seeral additional com-
ments we should make to clarify the transient informa-
tion and its relevanceto intelligent agerts.

First, the transient information T |together with the
ertropy rate h and the order R of the Markov process|
measureshow di cult it is to synchronize to an environ-
ment. If a system has a large T, then, on average, an
agert will be highly uncertain about the internal state
of the ervironment while synchronizing to it. Thus, T
measuresan important structural feature of the environ-
ment: how dicult it is for an agert to syndronize to
it.

The secondcommert concernsa distinction between
the transient information T and the excessentropy E.
Note that Eq. (14) implies that the E does not play a di-
rect role in synchronization. (Although it is the casethe
E forms a lower bound for T [21].) Moreover, the excess
ertropies for all periodic processesf a given period are
the same; a period-p processhas E = log, p. However,
the transient information is not the samefor all period-p
sequenceslin fact, the transient information of period-p
sequencevaries considerably[21,30]. Sinceh = 0 for a

periodic sequencewe have T = S, giving, in this case,a
direct interpretation of T asthe di cult y of syndchroniza-
tion. Thus, there is a range of di erent synchronization
behaviors within the set of periodic sequence®f a given
period; thesestructural distinctions are not captured by
the excessentropy E.

Finally, it turns out that the transient information T is
not directly proportional to the averagenumber of mea-
suremens neededto synchronize. For example, there
are three sets of period-5 sequenceswith distinct H (L)
behaviors. Direct calculation shows that, of these three
sets, the setincluding the sequencg10101) requiresthe
most obsenations, on average, to syncronize. It does
not have the largest T among the period-5 sequences,
however. That honor is resenedfor (10000)* [21]. Thus,
the transient information doesnot directly measurethe
time it takesto syndhronize. Instead, it measuresthe
total uncertainty experiencedby the agent during the
processof synchronizing.

V. UNT ANGLING SOUR CES OF RANDOMNESS
AND STR UCTURE

Usingh , E, and T, onecan distinguish betweenervi-
ronments structured in qualitativ ely and quartitativ ely
dierent ways. See,e.g., Refs. [21,26,31]and references
therein. But how might an agert, gathering statistics
over larger and larger blocks of obsenations, estimate
h and E? Not surprisingly, errors in the estimation of
these quartities are linked; this can be seengraphically
in Fig. 3. A misestimate of h aects estimates of E
and T and vice versa. We consider three special cases
of the inter-relationship of these quantities and draw out
the consequencedor how an agert comesto know its
ervironment.

A. Disorder as the Price of Ignorance

First, let's recall the consequencedor an agert at-
tempting to estimate the environment's randomnessh
via the approximation h (L). Assuming the agert has
a nite memory, stopping the estimate at nite L is a
necessiy. This results in an entropy rate h (L) which
is almost always larger (and never smaller) than the ac-
tual rate h . That is, the ervironment appears more
random if the agert ignores correlations between obser-
vations separatedby more than L steps.

For example, supposethe environment is periodic: the
ervironment consistsof the repeating length-16 sequence
101011101110110. The ervironment ertropy rate is thus
0. However, if the agert only keepstrack of statistics
over length-4 sequences,then the agert will estimate
h (4) 0:303 bits per symbol. The ervironment ap-
pearsrandom to the agent, eventhough h = 0.



We are assuming here that, while the agert is only
able to accourt for statistics over sequence®f length L,
it is neverthelessable to estimate these probabilities to
arbitrary accuracy When this is not the case,there are
schemesthat an agert can employ to improve on its esti-
mation of block probabilities; see,for example, Ref. [32].

B. Instan taneous Sync hronization and Predictabilit y

Second, let's consider a scenario in which the agert
happensto know the exact amount of apparert environ-
mental memory E. When this is the case,what happens
to the agert's estimatesof how random the environment
is? In particular, what happensif the agert assumesit
is synchronized to the environment at some nite L7?

E+ hn«,_
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FIG. 4. Assumed synchronization converted to false pre-
dictabilit y: Schematic illustration of how an agert, assuming
it is synchronized, makes an underestimate h (slope of dot-
ted line) for an environment with excessentropy E > 0 and
entropy rate h (slope of dashedline).

In sodoing, the agen is assumingH (L) = E+ h L at
that L. The geometric construction for this scenariois
givenin Fig. 4. In e ect the environment is erroneously
consideredto be a completely obsenable Mark ovian pro-
cessin which H (L) hascornvergedto its asymptotic form
exactly at some nite L [21,31]. If the agert then uses

its value for E, one arrivesat the estimator B where

HL) E 6 h : (15)
L

The line E + B L appears xed at E when that inter-
cept should be lower at the given L. The result, easily
gleanedfrom Fig. 4, is that the entropy rate h is under-
estimated as R . In other words, the agert will believe

the ervironment to be more predictable than it actually
is.

C. Assumed Sync hronization Implies Reduced
Apparen t Memory

We now considera di erent, lessstraightforward situa-
tion. Supposethat, becauseof someprior knowledge,the
agert knows the exact environment erntropy rate h . For
example,the agert could know before making any obser-
vations that the ernvironment was periodic and, hence,
had an h of zero.

Given this situation, what happens if the agen as-
sumesit is syndironized, when it is not? Figure 5 il-
lustrates this situation. In this case,the agert infers an
excessertropy B that is lessthan the true environment
excessentropy E.

E+hol
"""""""""""""" rE +hpl
E>0-t" T H(L)
A |
E___--
E=0--

FIG. 5. Assumed synchronization leads to less apparent
memory: Schematic illustration of how assuming synchro-
nization to an ernvironment, in this caseimplicitly assuming
H(L) = E+ h L, leadsto an underestimate E of the actual
memory E > 0.

If, at a given L, the agert approximates the entropy-
rate estimate h (L) = H(L) H(L 1) by the true
ertropy h , then the o set betweenthe asymptote and
H(L)issimply E+ h L H(L). From Fig. 5 we seethat
we have a reducedapparert memory B Eof

B=H(L) hL: (16)

If, instead of using the exact ervironment ertropy rate
h , aswe just did, the agert usesthe estimate h (L),
the agert will infer an excessertropy that is even smaller
than B. To seethis, note that h (L) h andreplaceh
by h (L) in Eq. (16). Thus, assumingsyndironization,
in the sensethat h (L) = h , leads one to underesti-
mate the apparent memory E. And so, the environment
appearslessstructurally complexthan it is.

In this sectionwe consideredjust three amonga num-
ber of possibletradeo s encourtered during an agert's
inferring its ervironment's structure and memory. We
discussthese tradeo s more thoroughly, although in a
dierent context, in Ref. [21]. The main lessonsthat



emergefrom this analysisare that unseenmemory is con-
vertedto unpredictabilit y, assumedsyndronization leads
to underestimating ervironmental structure, and ignor-
ing ervironmental structure leadsto underestimating its
randomness.

VI. CONCLUSION

We have looked at a range of issuesconcerninghow an
agert syndironizesto its ervironment. In so doing, we
reviewed several information theoretic properties of the
ervironment: the entropy rate h , the excessentropy
E, and the transient information T. The main result
reported hereis contained in Eq. (14), which states that
the total uncertainty experiencedwhile an agert syncro-
nizesto a Markovian environment is directly related to
T. Thus, the T capturesthat feature of an environment
which makesit dicult to syncironize to.

In ane ort to understandthe rolesof the various struc-
tural quartities and to show the consequencesf ignoring
them in estimating environmental randomness structure,
and synchronization, we consideredvarious trade-o s be-
tween nite- L estimatesof the excessentropy E and the
ertropy rate h . In particular, we arguedthat if an agert
does not take one or another into accourt (by, say, as-
suming it is synchronized, when it is not), the agert will
systematically over- or underestimate an environment's
ertropy rate h . As a result, even if an agert focuses
only on quarntifying the randomnessof its environment,
it must neverthelesshave somemethod that accourts for
the ervironment's structural features.
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